Superradiance in an external classical nonresonant field under the Stark
  interaction with a vacuum field by Basharov, A. M. & Trubilko, A. I.
Superradiance in an external classical nonresonant field  
under the Stark interaction with a vacuum field 
 
A.M.Basharov  
National Research Center “Kurchatov Institute,”  
Moscow, 123182 Russia 
Moscow Institute of Physics and Technology (Technical University),  
Dolgoprudnyi, Moscow oblast, 141701 Russia 
e-mail: basharov@gmail.com 
 
A.I.Trubilko 
St. Petersburg State University of State Fire Service of Emercom of Russia,  
St. Petersburg, 196105 Russia 
trubilko.andrey@gmail.com 
 
Generalized with respect to the Stark interaction of atoms with a vacuum field of zero photon 
density, Dicke’s model is used to describe the Raman superradiance of a localized ensemble of 
identical atoms in a coherent non-resonant light wave. It is shown that at a certain critical 
number of atoms in the ensemble the stabilization effect of the excited state of the ensemble 
relative to collective atomic decay is possible, with superradiance of the atomic ensemble being 
suppressed. When the number of atoms is close to the critical value, superradiance exhibits 
features that are opposite to the effects of the conventional superradiance in the pulse delay time. 
The identified features depend on the intensity of an external coherent field as well as make it 
possible to assess whether the Stark interaction of an ensemble with a photon-free vacuum 
electromagnetic field is significant or not.  
 
1. Introduction 
In creating quantum memory, there has been considerable interest in optical effects under 
two-photon and Raman excitation and decay of qubits (two-level particles) [1, 2]. In addition, in 
case of the multi-qubit ensemble, superradiance is a strong undesirable side effect [3], including 
Raman superradiance [4,5], which both increases the collective decay rate of multi-qubit systems 
and significantly reduces the time interval to manipulate quantum memory. Further below we 
will discuss a general mechanism of such problems, which allows “suppressing” Raman 
superradiance with an optimal choice of the number of qubits in an array of quantum memory.  
Despite its wide use, the notion "superradiance" [6], according to different approaches, 
means anyway the dynamics of an ensemble of a sufficiently large number of identical particles. 
Among a variety of models for this situation, we will only review those ones regarding an 
ensemble of identical quantum particles localized in an area with dimensions much smaller than 
the characteristic wavelengths. For the first time (along with the notion of superradiance) it 
appeared in Dicke’s work [7]. Although the model of localized quantum particles can be easily 
implemented for superradiance in the microwave range, the simulation of this situation leads to 
an additional effort within optical and infrared ranges. Generally, a model is implemented when 
the particles are localized in a single-mode cavity [8]. Thus, in order to simulate the cases of 
interest, it is sufficient to use the cavity mode with a fairly wide band, i.e. sufficiently low-Q 
cavity. In this context, particular mention should be made of the experimental studies performed 
in the dynamics of collective emission of atomic ensembles of 87Rb [9] and 87Sr [10] located into 
the resonator. These research studies are focused on creating superradiant lasers with ultranarrow 
linewidths used in optical clocks. An experimental method proposed in [11] is aimed at creating 
a metastable state of an ensemble of Ba atoms using an intercombination superradiative effect. 
Acting on an ensemble by Stokes laser pumping, the detection of a superradiance pulse indicates 
the preparation of the desired state of atoms. To describe the results of the experiment, the 
authors make use of the well-known two-level model, noting that the calculated delay time of the 
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SR pulse differs from the detected one. 
In the transition to the Raman resonance Dicke’s model can be generalized as follows. 
Initially, Dicke’s model described a localized ensemble of identical two-level particles 
interacting with a broadband quantized vacuum field in an electric-dipole manner. In this case, 
the interaction corresponds to the approximation, which is commonly referred to as the rotating 
wave approximation [12,13], or the resonance approximation. The transition from the excited 
atomic level to the ground level occurs with the photon emission (Fig.1a) and is a first-order 
process in the interaction energy.  
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Fig. 1. The scheme of the resonant energy levels of a quantum particle, making a conventional 
one-quantum transition from the upper level to the lower level with the emission of a 
photon (a) and a two-quantum transition with the absorption of a photon
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emission of a photon . Nonresonant atomic levels are designated by .The transition 
 for the case of a) is optically allowed, whereas in the case of b) it is optically forbidden. 
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To describe Raman resonance, the notion of a two-level particle and the approximation of 
a rotating wave is also used, and the transition from the excited level is due to the simultaneous 
absorption of a Stokes photon from the scattered field and emission of an anti-Stokes photon 
(Fig.1b). Unlike the initial Dicke’s model, there occur second-order processes of the atomic 
interaction with an electromagnetic field. At the same time, nonresonant atomic levels and their 
importance are not generally taken into account. In particular, the terms responsible for the shifts 
of the resonance levels are not usually considered in the Hamiltonian of the system. The Lamb 
shift is taken into account by renormalizing the resonant transition frequency, and the level shifts 
corresponding to the high-frequency Stark effect in classical fields are even unaddressed in 
broadband quantized fields. As a result, theoretical studies of superradiance, including the 
Raman one, do not take into account either the effect of the Stark interaction of a quantum 
system with an external broadband quantized field, or the stabilization effect of the excited states 
of the atomic system [14] relative to its collective radiative decay due to the Stark interaction. 
This effect of suppressing collective spontaneous emission by the Stark interaction with the 
vacuum field can be very useful in quantum memory devices. 
The work [14] highlights particular importance of the Stark interaction of a quantum 
particle with a photon-free vacuum (broadband quantized) electromagnetic field in the process of 
its usual spontaneous decay. In the case of Dicke superradiance, the Stark interaction is always 
small compared to the resonance interaction energy, but the Stark interaction operator has other 
algebraic properties compared to a one-quantum resonant transition operator, since, 
mathematically, the Stark interaction in the Markov approximation is believed to be a quantum 
counting process. The property of counting becomes apparent in a special competition between 
two processes in which the excitation of a quantum particle can participate. The particle can pass 
into the lower energy state upon emitting a real quantum. This process is described by the 
quantum annihilation process, which determines the quantum Brownian motion as well. 
However, an excited particle can also participate in processes with virtual photons, which form 
Stark shifts in energy levels and maintain the particle excitation. As a consequence, weak 
reemission forming the Stark interaction has proven to “integrate” into a collective radiative 
decay and suppress superradiance [14] with a certain number of atoms in the ensemble.  
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In the case of Raman superradiance, the Stark operator of the interaction of atoms with a 
quantized vacuum electromagnetic field is of the same order as the Raman transition operator 
[15] and, therefore, it should be taken into account in correct calculations. Meanwhile, the fact 
has not been referred to in the aforementioned and other works on Raman superradiance. It is 
usually believed that for the case of a vacuum field with a zero photon density the average value 
of the Stark interaction operator is zero and it can be omitted in deriving the kinetic equation 
[16]. 
In order to highlight the role played by the effect of suppressing collective decay in Raman 
superradiance in an easier way, this paper considers Raman superradiance of a localized 
ensemble of identical particles in an external classical coherent electromagnetic field. The 
classical field acts on atoms along with a quantized broadband vacuum field of zero photon 
density. The absorption of a photon from the classical field leads to the transition of excited 
atoms to the ground state with the emission of an anti-Stokes photon into the vacuum field. (see 
Fig.1b). In this case, both the excited and ground levels are characterized by the same parity, so 
that the transition between them belongs to optically forbidden transitions. On the one hand, this 
case is too complicated to analyze as there is a variety of two-quantum relaxation processes of a 
single atom, some of which are described in [17] without regard to Stark level shifts in a 
quantized vacuum field, because the classical coherent field was assumed to be sufficiently 
intense, and the number of atoms is small in [17]. On the other hand, in considering two 
quantized fields it is also necessary to account for the variety of different processes. Moreover, in 
the Markov approximation, it is necessary to imply strict limitations to simplify quantum 
calculations [18]. 
The present paper has proposed the theory of Raman superradiance of a localized ensemble 
of identical particles that simultaneously interact with a classical coherent wave and a broadband 
vacuum electromagnetic field based both on the algebraic perturbation theory and quantum 
stochastic differential equation (SDE). The algebraic perturbation theory [19–21] is an integral 
part of the theory of optical interactions with quantum systems; however, it is still not 
widespread among the experts in nonlinear and quantum optics, as well as quantum SDEs [22–
24]. In terms of quantum SDE, evolution of a quantum ensemble and its environment is unitary, 
and the SDE terms generated by a quantum annihilation process describe a real two-quantum 
Raman transition from the excited level to the ground one with quantum emission and photon 
absorption from a coherent wave. A SDE term generated by the counting process describes 
virtual emission processes and quantum absorption from a quantized electromagnetic field, 
which are not accompanied by any transitions between quantum atomic levels. The nontrivial 
Hudson-Parthasarathy algebra [25] for the Ito differentials of the main quantum processes 
determines the final kinetic equation for the atomic density matrix (master equation), making 
calculations easier. The paper has presented the derivation of kinetic equations for the density 
matrix of collectively decaying identical quantum particles under conditions of Raman resonance 
with the emission of anti-Stokes photons (Fig. 1b) and with regard to the Stark interaction with 
the quantized broadband electromagnetic field. As in [17], the field is believed to be classical if 
its photons are absorbed during a two-quantum transition with the emission of an anti-Stokes 
photon. Discovered in [14], the stabilization effect of excitation in a sufficiently dense ensemble 
of quantum particles can also be shown to occur in two-quantum Raman superradiance. 
Application of quantum SDE methods resulted in a kinetic equation for a two-quantum 
spontaneously radiating atomic ensemble, which turned out to be different from the well-known 
works on Raman superradiance [1-5] and others by the so-called non-Wiener factor [26,27 ], 
which manifested some oscillating dependence on the number of particles in an atomic 
ensemble. This causes the stabilization effect of excitation in a fairly dense ensemble of quantum 
particles. The stabilization effects of excitation and suppression of superradiance are 
demonstrated by the simplest analytical solutions of the obtained kinetic equation. The critical 
values of the number of collectively decaying atoms were obtained, in which the spontaneous 
emission of an ensemble of excited atoms was completely suppressed. It is shown that under 
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conditions of incomplete suppression of the collective decay of an atomic ensemble, the delay 
time of a Raman superradiance pulse substantially depends on the difference in the values of 
Stark constant operating levels. Under certain conditions, a fully excited atomic ensemble may 
not have a delay, and a semi-excited ensemble of atoms acquires it. Therefore, the time delay of 
a superradiance pulse can serve as a hallmark of Stark interaction importance in Raman 
superradiance. Consequently, in comparison with superradiance theories at one-photon 
resonance [14,26-28], which takes into account the suppression effect of collective decay, our 
research results have shown that the stabilization effect of excited states found in [14] by the 
Stark interaction is quite common in a localized ensemble of identical atoms and can be used in 
quantum memory devices. 
 
2. Formulation of the problem 
 
Let an immibile atom, due to the nature of the excitation, can populate only such levels as 
ground  and excited ones , which have no other energy levels between themselves. Let 
these levels be characterized by the same parity, so that the transition is optically 
forbidden. Then, an excited atom, interacting with the surrounding vacuum electromagnetic 
field, can pass into the ground state only with the help of various two-quantum processes, for 
example, by emitting two photons with 
1E 2E
12 EE 
1  and 2 frequencies, such that /)12 EE(21  . 
An atom can also absorb a photon with 1  frequency and emit a photon of a higher frequency 
. There can also exist other scenarios for the transition into the ground 
state. Only some particular conditions, such as the ratio of parameters of two-quantum processes, 
can affect the choice of a possible way of implementation. For simplicity, let us study only one 
typical scheme of a two-quantum transition, namely, the one shown in Fig.1b. For an atom to be 
able to absorb a photon from the vacuum field, the photon density of the vacuum field should 
be different from zero at a frequency 
/)1212 EE  (
1
1 .This field will be treated as a classical field with the 
central carrier frequency  . For the sake of simplicity and certainty, we will consider the 
following model, whose solution would provide a more definitive assessment for the 
spontaneous emission of atoms during two-quantum transitions. 
cl
Described above, the ensemble of identical immobile atoms interacts only with a quantized 
electromagnetic field with a central frequency  and a classical electromagnetic field with a 
carrier frequency  in the electric dipole approximation, with cl /)( 12 EEcl  . All atoms 
in the number of  are localized in a volume whose dimensions are much smaller than the 
characteristic wavelengths of electromagnetic fields. The initial Hamiltonian of the system  
aN
IntFAIni HHHH                                                       (1) 
consists of Hamiltonians’ sum of isolated atoms AH , the Hamiltonian of a quantized 
electromagnetic field FH , and the operator of atomic interaction with electromagnetic fields 
, the interaction with a quantized field being described byclIntqIntInt HHH   qIntH   and the 
interaction with a classical field - by clIntH  . These operators have a usual form  
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where quantum nondegenerate states  with energy  define the atom,  
denote matrix elements of the atom dipole moment operator 
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 4
that all atomic levels are characterized by some certain parity, so that . The 
superscript of the state vectors marks the state space of the i -th atom, and i -summation is 
performed over all atoms of the ensemble involved. The photons’ annihilation and creation 
operators of  frequency are expressed by the values  and : . 
0||  kk EdE
']  b b ',[  bb E  denotes the 
classical field amplitude, with letters  expressing a term complex conjugate of the previous 
one. Recoil effects and polarization features are neglected. The dipole – dipole interaction of 
identical atoms is neglected, as in the case of obtaining the main results of the conventional 
theory of superradiance [6, 7].  
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In the interaction representation, the wave vector |  of the system “atom + quantized 
electromagnetic field” satisfies the Schrödinger equation  
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|  is the wave function of the entire system in the Schrödinger representation. 
Furthermore, in order to correctly formulate a quantum SDE, we introduce the effective 
Hamiltonian representation [20] in making a unitary transformation  
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We express the unitary operator  by the Hermitian operator  
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Transformed operators (5) and  are expanded in a series of interaction constants  )(tS
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where the left index of each pair indicates the order of expansion in a coupling constant with the 
classical field, and the right index with the quantized field.  
We plug (7) in (5) with account of (6), the Baker-Hausdorff formula and the expressions 
for  and . Equating expressions of the same order of smallness and leaving in (tH qInt
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Here the standard parameters of the theory of optical resonance [9] 
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with the latter obeying the commutation relations of su(2) algebra  
  RRR ],[ 3 , 32],[ RRR  . 
When deriving , the operator of the excitations exchange between identical 
particles was ignored. Depending on the properties of a classical field, the operator of Stark 
interaction  with a classical field can be represented in different forms. In this paper, 
we regard the classical field as being coherent with the constant amplitude 
)(~ tH Int
)(tH clStark
E , therefore, it is 
convenient to exclude the operators of Stark interaction with the classical field  and 
the Lamb shift operator 
)(tH clStark
LambH  from the Schrödinger equations (5) by a corresponding unitary 
transformation, including, in fact, the Stark level shift in the classical field and the Lamb shift in 
determining the two-quantum transition frequency 21 . 
 
3. Basic equations in the Markov approximation 
 
We write the main equation (4) with the effective Hamiltonian 
 in a dimensionless form and the Markov approximation. We 
take a quantity
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frequency. Here  is the frequency of a two-quantum transition  with account of the 
Stark effect in the classical field and the Lamb shift of levels. The value  is the central 
frequency  of the broadband quantized electromagnetic field, we assume that 
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Here 3 is the correction factor [14], which allows taking into account various field 
geometries; the value is a matrix element of the effective operator of the dipole moment of 
the optically forbidden transition  [20]. For the sake of simplicity, we regard  and 
21D
12 EE  21D
E  as real values.  
It should be noted that operators  and  are dimensionless forms of operators 
 and . We have intentionally written the main equations (8) - (10) in the 
form similar to that one of the equations in [14]. In contrast to describing various physical 
problems, the main differences are as follows. In [14], the values and  have 
different orders over the coupling constants with the electromagnetic field. For our case of the 
Raman resonance these values are of the same order. The parameter of the operator  
depends on the intensity of the external coherent field, that allows controlling processes of 
collective interaction of the atomic ensemble. As the intensity of the external field increases, the 
influence of the difference in the parameters of the Stark interaction  on the process of 
collective decay of the atomic ensemble grows. This difference is discussed in a more detail in 
the following section. 
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The following assumptions introduce the Markov approximation [23]: 
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i )1(
2
1)( , 



  bedb
i )1(
2
1)(  
RRR const  )1()( ,   )1,1()',( const ,                           (14) 
)()()(   dBRdBRdH RRTr , )()2()( 3   dR
NdH aSt ,               (15) 
where 
)()()(  BdBdB , , )()()(   BdBdB )()()(  dd ,       (16) 
 
0
)'(')( bdB , , ,                      (17)   
0
)'(')( bdB   
0
)'()'(')( bbd
with 
)'()]'(),([  bb  , , .  )](),([ BB ),min()'''(''')](),([ 21
00
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 

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The integrals in (13) are to be interpreted in the Ito sense [22,23]. Roughly speaking, the 
differentials (16) are the Ito increments of the quantum Wiener  and Poisson )(B )(  
processes (more precisely, they determine quantum Wiener and Poisson processes using the 
formulas [29]). In neglecting the Stark interaction 0 , the outlined approach is in line with 
the well-known descriptions of the processes of spontaneous emission by methods for quantum 
SDEs [23].  
The efficiency and ease of the quantum SDE method is determined by the fact that the 
increments (16) satisfy the Hudson-Parthasarathy algebra [25]: 
)()()(  ddd , , )()()(   dBdBd )()()(  dBddB , .  (18)   ddBdB )()(
0)()()()()()()(   ddBddBddBdddBd . 
In order to obtain a quantum SDE (in the Ito sense) for the evolution operator )(U  
(instead of equation (12), which is uncertain under the Markov approximation), the increment 
 defined as )(dU )()()(  UdUdU  should be considered. Taking into account the 
representation (6) similar to [14], we have 
)(}1)))()
2
()()(({exp()( 3   UdRNdBRdBRidU aRR . 
Expanding the exponent in a series and using the Hudson-Parthasarathy algebra, we obtain a 
quantum SDE for the evolution operator in the form 
)()()()()()()()( 0   UdAUdBAUdBAUdAdU ,                 (19) 
where the operator’s functions  
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are to be interpreted as Taylor's series of the corresponding functions with the argument x , 
resulting from the replacement xRNa   )2( 3  with the subsequent reverse replacement 
)
2
( 3R
Nx   . 
The equation for the density matrix  of the given system, 
which consists of identical atoms and a broadband electromagnetic field, is derived by 
calculating the increment 
)(||)()( 00  UU
)()()(  dd . Using (19) and the Hudson-Parthasarathy 
algebra (18) leads to 
  )()()()()()()()( 0 dAdBAdBAdAd  
  AdAdBAdBdA )()()()()()()( 0  
  AddBAAdBdBAAdBdBA )()()()()()()()()(  
  AddBAAdBtdBAAdBdBA )()()()()()()()()(  
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  AddAAdBdAAdBdA )()()()()()()()()( . 
Hence the atomic density matrix  is obtained by tracing over the field variables 
: 
)(A
)()(  FA Tr
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(20) 
Non-Wiener operators are introduced here 
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and . In the process of derivation, the relation 
 was used. 
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Equation (20) describes the dynamics of an ensemble of identical atoms that collectively 
interact with a common (vacuum) broadband electromagnetic field with a zero photon density 
and are concentrated in a small volume with dimensions much smaller than the wavelength of 
the emitted photons. Following [14,18,28], equations similar to (19) and (20) determined by the 
presence/allowance for a counting (Poisson) process increment )(d
) dB
, as well as the dynamics of 
quantum systems described by them, are called non-Wiener equations and non-Wiener 
(generalized Langevin) dynamics (in contrast to the Langevin dynamics determined by the 
presence/allowance for increments of Wiener processes  and  only).  (dB )(
According to the outlined approach, a counting process increment  describes the 
Stark interaction of an ensemble of identical atoms with a vacuum electromagnetic field. It was 
first taken into account in describing atomic dynamics in [30], whose results follow from 
equation (13) for a single atom 
)(d
1aN  and a simplified model of the Stark interaction 0 . 
Due to the relation )()( )(  dd d  in a quantum SDE method, it is possible to 
automatically sum up the entire series of perturbation theory that occurs in alternative 
approaches if one makes an attempt to take into account the Stark interaction. Consequently, 
even a small Stark interaction of a single atom can prove to significantly affect the collective 
spontaneous emission of an ensemble of a sufficient number of identical atoms. Further below it 
is illustrated by the collective decay of a singly excited atomic ensemble. 
 
4. Collective emission of a singly excited atomic ensemble 
 
Let a singularly excited ensemble symmetrized by permutations  of  atoms be prepared 
at some initial moment of time, which can be described by the wave function  
aN
).............(1 )(2
)2(
1
)1(
1
)(
1
)2(
2
)1(
1
)(
1
)2(
1
)1(
20
NNN EEEEEEEEE
N
             (21) 
The presented state is related to the one of W class. Its collective two-quantum decay from an 
excited level under the action of a classical field will be described by the kinetic equation (20), 
whose solution can be easily obtained in the Dicke function basis mr, . These are 
eigenfunctions of the Casimir operator 23
2
4
1)(
2
1 RRRRRR    and inversion : 3R
mrrrmrR ,)1(,2  , mrmmrR ,,3  ,                                      (22) 
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which form a (2r + 1) - dimensional representation of the su(2) algebra, where generators are 
operators  and : 3R
R 1,)1)((,  mrmrmrmrR  . The reference state (21) of an 
atomic system in this basis is described by the vector 1, rr , where
2
aNr  , whose collective 
two-quantum decay with a photon absorption is determined by a kinetic equation for matrix 
element relaxation A rr
A rrrr 1,11,1,  , which follows from (20) and has a simple 
form 
A
rr
R
A
rr
rr
rrr
d
d
1,12
21,1
)(
)cos(1)(4 

 


.                               (23) 
Consequently, for non-Wiener dynamics, the collective Raman decay of the given state is 
of an exponential nature 
)
)(
)cos(1)(4exp()( 2
2
1,1 



 rr
rrrRA rr . 
Compared with the case of the Wiener dynamics of the atomic system, the decay rate appears to 
be modulated by a periodic nonlinear function 
,
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8 2
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
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N
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f  
generated by an account of the Stark interaction. The interaction constant  is proportional to 
the amplitude of an external classical field involved in the two-quantum transition of an atom, 
which is considered to be a real value. By varying it, one can exert influence on the rate of the 
two-quantum state decay by changing its magnitude. In contrast to Wiener dynamics, where 
R
0
(
, and the Raman transition rate is proportional to both the amplitude of the classical field 
involved in the transition, and the number of atoms , an account of the Stark interaction gives 
rise to a factor as a function  in the equation (23). It is this very function that determines the 
critical value of the number of atoms  in the ensemble for any nonzero difference 
value , at which the two-quantum superradiance spontaneous decay of the W  state is 
completely suppressed. This critical number of atoms is determined from the following condition 
aN
f
*N
) 
)(
4*
 
 kN , ...3,2,1k                                               (24) 
It is to be noted that for the model involved the critical number of atoms, at whose value 
the collective two-quantum decay of a single-excited ensemble symmetrized in atoms’ 
permutation is completely suppressed, is determined by the Stark interaction parameter of a 
lower level  and not affected by the classical field’s amplitude  1
)(
32
1
23
3
*  
ckN . 
Thus, we have showed that in a two-quantum spontaneous decay with an anti-Stokes 
photon emission symmetrized in permutations of a single-excited atomic ensemble, an account 
of the Stark interaction of even a single atom under the conditions of its environment with a 
sufficient number of atoms in the ensemble significantly affects the collective relaxation in the 
system. For some critical values, cooperative relaxation can be completely suppressed, leading to 
stabilization of the system’s state. At the same time, the intensity of an external classical field 
involved in the process determines the magnitude of its collective relaxation rate by means of 
controlling the latter one. 
 
5. Collective decay of an excited atomic ensemble  
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Let us now consider a collective two-quantum decay of a fully excited symmetric state of 
the atomic ensemble and its semi-excited state, where one half of the atoms is in the excited 
state, and the other half is in the ground one. Note that in the Dicke basis a fully excited state of 
the system is described by the function 
2
,
2
aa NN , a semi-excited ensemble by 0,
2
aN , and the 
ground state is represented by the vector 
2
,
2
aa NN  . 
The master equation (20) for the atomic density matrix elements combines its diagonal 
elements only A mm
A mrmr ,,,  , which can be written in the following form  
A
mmmmm
RA
mmmmm
R
A
mm CgCg
d
d
1,1,1
2
,11,
2, )(2)(2  

.                                (25) 
Here the rate coefficient depends on the amplitude of the classical field that initiates the 
Raman cooperative emission in the system, along with coefficients 
2)( R
)1)((,11,,1,   mrmrmrRmrRmrg mm , mr , also determine collective relaxation 
within the Wiener dynamics of the system description, whereas the latter takes into account only 
resonant two-quantum processes of interaction between the atomic system and the vacuum 
broadband environment. Additional factors, such as  
2)
2
(
)
2
cos(1
mN
mN
C
a
a
m




  
determine a two-photon collective relaxation rate in the non-Wiener dynamics of the atomic 
system; their origin is related to an account of both resonant and non-resonant interactions in the 
system.  
It is evident that the excited collective state of the system passes through a whole set 
mr, of states of the “Dicke ladder” in the course of its evolution. For those of them which 
satisfy the condition  
....4,3,2,1,2
2
  kkmN                                                (26) 
the collective two-quantum relaxation rate appears to be fully suppressed, its value is equal to 
zero, and the states themselves are stabilized. In this case their stabilization conditions depend 
not only on the number of atoms in the system, and also on the position of the state vector on the 
Dicke ladder, given the difference in the Stark interaction constant of the working levels 0 .  
Under the Wiener dynamics of a fully excited symmetrized atomic ensemble of a large 
number of atoms , the superradiance pulse intensity is determined by the well-known 
relation  
1aN
))(
2
(sech
4
)( 00
2
0
2
 aa NNqI , 
where  is the geometric factor,  is the ensemble’s relaxation rate , 
 is its time delay. The latter is calculated by determining the average 
emission time 
q
0 aN
2
0 )(2
R aN
)ln()( 10 aN

  by  the  anti-Stokes photon emission  during two-quantum transition  in the 
field of a classical wave from the excited state. For the general case, this quantity is determined 
by the sum  
n
1
2
2
1
2
1,0 )(


 
N
nN
mmg . 
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The Raman pulse of superradiance of the semi-excited state of the atomic system occurs without 
time delay, since the upper limit of the reduced amount in this case is zero.  
In the general case, the intensity of cooperative anti-Stokes emission in a two-quantum 
transition in the field of a classical wave can be defined as the decrease in the energy of the 
atomic ensemble )()( 3
ARSp
d
dqI    and calculated as the following sum 





 2
2
,1,0,11,
2
2
0)(
a
a
a
a
N
N
mmmmmmmmm
Nm
Nm
GqCgqI . 
For the non-Wiener dynamics, the function  and the coefficients  are determined by 
the function , which is defined by both the number of  atoms in the system and the 
eigenvalue  of the inversion operator for different values of Stark interaction constants of the 
working levels. This fact does not allow for an analytical calculation, so we will present the 
results of numerical calculations.  
1, mmG 1, mmg
1mC
m
aN
We will be treating the pulse of collective two-quantum emission of a fully excited 
symmetric atomic ensemble 
2
,
2
aa NN , as well as the pulse from a semi-excited atomic 
ensemble, whose state 0,
2
aN , depending on the intensity of a classical field leading to the 
Raman transition in the system with an anti-Stokes photon emission. Since the nature of 
emission essentially depends on the critical value  of the number of atoms in the system, 
which, as shown in [14], should be no less than a hundred, we will discuss pulses of this 
emission far from the critical value of the number of atoms, at the values of which the collective 
two-quantum emission is fully suppressed. This critical value is determined in terms of the 
relation (26), which is the argument of the function , where the product of the Stark 
interaction parameter of the working levels and the number of atoms are important. It is to be 
noted that when the basic kinetic equation (20) is derived, the following relation between the 
interaction constants  should be satisfied, which leads to small values of the Stark 
interaction. Therefore, all the curves are presented taking into account the renormalization, 
where , and the parameter values 
*N
1mC
1 R
8aN   are chosen as fractions of  and are indicated in the 
figures. Moreover, in these figures the intensity magnitude as the square of the real amplitude of 
the classical pump field is represented by a dimensionless parameter corresponding to its ratio to 
the intensity of the classical field taken per unit, with the latter determining the time scale, being 
a factor in the interaction constant  and dimensionless time 

2
0 )
R(  .We omitted the superscript R 
of the interaction constant to emphasize the universality of the results presented in the figures. 
These time dependences are inherent in any model of a localized ensemble of two-level particles 
that takes into account the Stark interaction with a vacuum electromagnetic field with a zero 
photon density. 
Let us discuss the intensity of Raman superradiance pulse from a fully excited atomic 
ensemble. Figure 2 provides graphs of a collective two-quantum emission pulse during its 
Wiener dynamics. An increase in the intensity of the classical coherent field performing a 
resonant two-quantum transition with the emission of an anti-Stokes photon leads to an increase 
in the intensity value at the maximum and a decrease in the pulse delay time.  
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Fig.2. The intensity of a two-quantum superradiance pulse from time for the Wiener dynamics of 
the atomic ensemble. The dimensionless intensity of the classic field: solid curve – 0.64, dotted 
curve–1.0, dash-dotted curve –1.44. 
 
The dependence applies to a superradiance pulse with the non-Winner dynamics far from 
the critical value of the number of atoms in the ensemble, which corresponds to the full 
suppression of the system’s cooperative relaxation. Thus, in Fig.3a,b, curves of superradiant 
pulses emitted by a fully excited atomic system are presented both for the number of atoms 
smaller (a) and larger (b) than the first critical value, when the Stark interaction constants of the 
working levels are identical 0 .  
 
Fig.3,а. The intensity of the two-quantum superradiance pulse from time for the non-Winner 
dynamics of a fully excited atomic ensemble for the number of atoms in the ensemble smaller 
than the first critical value 4.02/ 
0
. The parameters for the Stark interaction of the 
working levels are identical . The dimensionless intensity of the classic field: solid curve 
– 0.64, dotted curve –1.0, dash-dotted curve –1.44. 
 
 
 
 
Fig.3,b. The intensity of the two-quantum superradiance pulse from time for the non-Winner 
dynamics of a fully excited atomic ensemble for the number of atoms in the ensemble larger than 
the first critical value . The parameters for the Stark interaction of the working 
levels are identical 
4.02/ 
0 . The dimensionless intensity of the classic field: solid curve – 0.64, 
dotted curve –1.0, dash-dotted curve –1.44. 
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When the values of the Stark parameters are different 0 , the dependence on the 
amplitude of the classical coherent wave in two-quantum radiation remains unchanged. This is 
given in Figure 4,a for the number of atoms in the ensemble of smaller than the critical ones, and 
in Figure 4,b for the values of the number of atoms in the ensemble of larger than the first critical 
one. In the latter case, there seems to be no sign of time delay for superradiance pulses, which is 
a distinctive feature of the non-Wiener dynamics (under the conditions of a difference in the 
Stark interaction constants of working levels).  
 
 
 
Fig.4,а. The intensity of the two-quantum superradiance pulse from time for the non-Winner 
dynamics of a fully excited atomic ensemble for the number of atoms in the ensemble smaller 
than the first critical value 8/
8
. The parameters for the Stark interaction of the working 
levels are different / . The dimensionless intensity of the classic field: solid curve – 0.64, 
dotted curve –1.0, dash-dotted curve –1.44. 
 
 
 
 
Fig.4,b. The intensity of the two-quantum superradiance pulse from time for the non-Winner 
dynamics of a fully excited atomic ensemble for the number of atoms in the ensemble larger than 
the first critical value 6.04/ 
4/
. The parameters for the Stark interaction of the working 
levels are different  . The dimensionless intensity of the classic field: solid curve – 0.64, 
dotted curve –1.0, dash-dotted curve –1.44. 
 
 
Fig.5,a. The intensity of the two-quantum superradiance pulse from time for the non-Winner 
dynamics of a semi-excited atomic ensemble for the number of atoms in the ensemble smaller 
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than the first critical value 4.02/ 
0
. The parameters for the Stark interaction of the 
working levels are identical  . The dimensionless intensity of the classic field: solid curve– 
0.64, dotted curve –1.0, dash-dotted curve –1.44. 
 
 
Fig.5,b. The intensity of the two-quantum superradiance pulse from time for the non-Winner 
dynamics of a semi-excited atomic ensemble for the number of atoms in the ensemble larger than 
the first critical value . The parameters for the Stark interaction of the working 
levels are identical 
4.02/ 
0 . The dimensionless intensity of the classic field: solid curve – 0.64, 
dotted curve –1.0, dash-dotted curve –1.44. 
 
The cooperative emission by a semi-excited atomic ensemble in a two-quantum Raman 
process is presented in Fig.5 and Fig.6. With a change in the intensity of the classical field, the 
superradiance pulse dependence remains unchanged - an increase in its value leads to an increase 
in the highest pulse intensity far from the critical value of the number of atoms in the ensemble. 
This is given in Fig. 5,a for the number of atoms in the ensemble of smaller than the critical one, 
and in Figure 5,b for the values of the number of atoms in the ensemble larger than the first 
critical one (under the conditions of an equality in the Stark interaction constants of working 
levels). It is to be noted that there seems to be no sign of any pulse delay as is the case with the 
non-Wiener dynamics. In the case of different values of Stark interaction constants of the 
working levels of the atomic system, for the number of ensemble emitters smaller than the 
critical value, along with the given dependence on the classical field amplitude, there appears a 
delay in the superradiance pulse, which decreases in magnitude with increasing the external field 
energy, as shown in Fig. 6, a. Fig. 6, b shows that the pulse delay is not observed when the 
number of atoms is greater than the critical one.  
 
 
Fig.6,a. The intensity of the two-quantum superradiance pulse from time for the non-Winner 
dynamics of a semi-excited atomic ensemble for the number of atoms in the ensemble smaller 
than the first critical value 6.04/ 
4/
. The parameters for the Stark interaction of the 
working levels are different  . The dimensionless intensity of the classic field: solid 
curve – 0.64, dotted curve –1.0, dash-dotted curve –1.44. 
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Fig.6,b. The intensity of the two-quantum superradiance pulse from time for the non-Winner 
dynamics of a semi-excited atomic ensemble for the number of atoms in the ensemble larger than 
the first critical value 4.14/ 
4/
. The parameters for the Stark interaction of the working 
levels are different  . The dimensionless intensity of the classic field: solid curve – 0.64, 
dotted curve –1.0, dash-dotted curve –1.44. 
 
 
 
 
6. Conclusion 
 
The paper describes the model of Raman superradiance of a localized ensemble in an 
external coherent nonresonant field with an account of the Stark interaction of atoms with a 
vacuum field of zero photon density. The model was built on the basis of the algebraic 
perturbation theory up to the second order inclusively and a quantum SDE. Despite fact that the 
model clearly deals only with two working levels under Raman resonance conditions, the model 
parameters take into account all atomic energy levels. The quantum SDE of the model differs 
from those of the commonly used ones in quantum optics [23] by a counting quantum random 
process. In addition to our works [14, 18, 26–28, 30] in quantum optics, the counting process 
was accounted only in [31–35] under other resonance conditions and for a single atom. 
Meanwhile, calculations with an account of the counting process have been made for a long time 
[24, 25]. Nevertheless, the role of the counting process has been particularly clear and has 
increased only in an ensemble of a sufficient number of atoms [14]. As the present paper shows 
this has resulted in the suppression of Raman superradiance by Stark interaction with a certain 
number of atoms of the ensemble. At the same time, by varying the intensity of the coherent field 
for the case when the Stark parameters of working levels differ from each other, it becomes 
possible to experimentally answer the question whether the Stark interaction with the vacuum 
field is significant or not. The answer to the question lies in the delay times of the Raman 
superradiance of a fully excited atomic ensemble and in its semi-excited state. In contrast to the 
conventional superradiance, the Raman superradiance delay under the conditions of the 
stabilization effect of the excited state of an atomic ensemble (with respect to the collective 
atomic decay) takes place at a semi-excited state and is not encountered in the case of a fully 
excited atomic ensemble. As a result, these conditions could be much in demand in quantum 
memory devices when the Stark interaction is essential and there occurs the stabilization effect 
of the excited states of the atomic ensemble with respect to the collective atomic decay. 
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